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ON THE NULLSTELLENSATZ FOR C-HOLOMORPHIC
FUNCTIONS WITH ALGEBRAIC GRAPHS
ADAM BIA LOZ˙YT, MACIEJ P. DENKOWSKI, PIOTR TWORZEWSKI
Abstract. C-holomorphic functions defined on algebraic sets and hav-
ing algebraic graphs can be considered as a complex counterpart of regu-
lous functions introduced recently in real geometry. This note is a part of
our study on the subject; we prove herein some effective Nullstellensa¨tze.
1. Introduction
This article is a second one, after [BDTW], of a series devoted to con-
tinuous functions defined on a given algebraic subset of a complex finite-
dimensional vector space M and having algebraic graphs, i.e. the class
of c-holomorphic functions with algebraic graphs. They can be seen as a
kind of complex counterpart of the recently introduced regulous functions
[FHMM], [Kol] in connection with [K].
To simplify the notation, we will consider M = Cm (anyway, everything
here is invariant under linear isomorphisms). In this paper we study some
basic Nullstellensa¨tze in this class. Dealing with such functions requires the
use of purely geometric methods.
For the convenience of the reader we recall some basic facts. Let A ⊂ Ω
be an analytic subset of an open set Ω ⊂ Cm. R. Remmert generalized
the notion of holomorphic mapping onto sets having singularities in a more
convenient way (from the geometric point of view) than the usual notion
of weakly holomorphic functions (i.e. functions defined and holomorphic on
RegA and locally bounded on A), namely:
Definition 1.1. (cf. [R]) A mapping f : A→ Cn is called c-holomorphic if
it is continuous and the restriction of f to the subset of regular points RegA
is holomorphic. We denote by Oc(A,C
n) the vector space of c-holomorphic
mappings, and by Oc(A) the ring of c-holomorphic functions.
The corner stone of all our further considerations is the following theorem:
Theorem 1.2 ([Wh] 4.5Q). A mapping f : A → Cn defined on an ana-
lytic set A ⊂ Cm is c-holomorphic iff it is continuous and its graph Γf :=
{(x, f(x)) | x ∈ A} is an analytic subset of Ω× Cn.
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For a more detailed list of basic properties of c-holomorphic mappings
see [Wh], [D1] and [BDTW]. It is easy to see that for f ∈ Oc(A,C
n), the
graph Γf is irreducible iff A is irreducible.
Finally, we recall some notions we will be using. If Γ ⊂ Cn is algebraic of
pure dimension k, then deg Γ = #(L∩Γ) for any L ⊂ Cn affine subspace of
dimension n− k transversal to Γ and such that L∞ ∩ Γ = ∅, where Γis the
projective closure and L∞ denotes the points of L at infinity (see [ L] VII.§7
and [Ch]).The condition L∞ ∩ Γ = ∅ is equivalent both to L∞ ∩ Γ∞ = ∅)
and to the inclusion
Γ ⊂ {u+ v ∈ L′ + L | ||v|| ≤ const.(1 + ||u||)}
where L′ is any k-dimensional affine subspace such that L′+L = Cn. More-
over, for any (n − k)-dimensional affine subspace L intersecting A in a
zero-dimensional set, #(L ∩ Γ) ≤ deg Γ.
We write G′n−k(C
n) for the set of affine hyperplanes of dimension n − k
and we have
deg Γ = max{#(L ∩ Γ) | L ∈ G′n−k(C
n) : dim(L ∩ Γ) = 0}.
A natural subclass of c-holomorphic functions that we can expect will be-
have like polynomials or regular functions is formed by those c-holomorphic
function whose graph is algebraic.
Definition 1.3. We will call c-algebraic any continuous function f : A→ C
having an algebraic graph, where A ⊂ Cm is a fixed analytic set. We will
denote by
Oac (A) = {f ∈ Oc(A) | Γf is algebraic}
the ring of such functions and write f = (f1, . . . , fn) ∈ O
a
c (A,C
n) whenever
all the components fj are c-algebraic which is clearly equivalent to f having
an algebraic graph.
Remark 1.4. Of course, by the Chevalley-Remmert Theorem
Oac (A) 6= ∅ ⇒ A is algebraic.
Example 1.5. The eternal example of a c-algebraic but non-regular func-
tion is f(x, y) = y/x on A : y2 = x3 extended at the origin of C2 by putting
f(0, 0) = 0.
As observed in [BDTW] each c-algebraic function on an algebraic pure
dimensional set is the restriction of a rational function (this is the link to
[FHMM]).
From now on we will assume that A ⊂ Cm is a pure k-dimensional alge-
braic set of degree d := degA. Obviously, we shall assume also k ≥ 1 unless
something else is stated.
Let || · || denote one of the usual norms in Cm. In [BDTW] we studied
the growth exponent at infinity that generalizes the notion of degree of a
polynomial for f ∈ Oac (A):
B(f) := inf{s ≥ 0 | |f(x)| ≤ const.||x||s, x ∈ A : ||x|| ≫ 1}
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where the defining inequality is equivalent to
(∗) |f(x)| ≤ const.(1 + ||x||)s, x ∈ A
and this characterises Oac (A) in Oc(A), cf. [BDTW] Lemma 3.1. In the poly-
nomial case, i.e. A = Ck, we have B(f) = deg f , for c-algebraic functions
are polynomials by the Serre Graph Theorem.
2. Characteristic polynomials
In the setting of c-algebraic functions we are obliged to make do more with
the geometric structure than the algebraic one which is a basic hindrance
when trying to transpose the results known, for instance, for polynomial
dominating mappings to the c-holomorphic algebraic case.
We consider now the following situation:
Let A ⊂ Cm be algebraic of pure dimension k > 0 and suppose f ∈
Oac (A,C
k) is a proper mapping.
Since Γf is algebraic with proper projection onto C
k, the cardinality of the
fibre #f−1(y) is constant for the generic point y ∈ Ck. Following [BDTW]
we denote this number by d(f) and call it the geometric degree of f just as
in the polynomial case. We call critical for f any point y ∈ Ck for which
#f−1(w) 6= d(f). In that case one has actually #f−1(w) < d(f).Obviously
d(f) ≤ deg Γf (cf. [ L]).
In the sequel we shall use intensively the notion of characteristic polyno-
mial relative to a proper mapping f . For any g ∈ Oac (A) let us introduce
the characteristic polynomial of g relative to f : for any y ∈ Ck not critical
for f we put
(#) Pg(y, t) :=
∏
x∈f−1(y)
(t− g(x)) = td(f) + a1(y)t
d(f)−1 + . . .+ ad(f)(y)
extending the coefficients through the critical locus of f thanks to the
Riemann Extension Theorem (they are continuous; see below their form).
Therefore Pg ∈ O(C
k)[t].
Proposition 2.1. In the introduced setting, Pg is a pure-bred polynomial,
i.e. Pg ∈ C[y1, . . . , yk][t].
Proof. This follows directly from the expressions for the coefficients:
aj(y) = (−1)
j
∑
1≤ι1<...<ιj≤d(f)
g(x(ι1)) · . . . · g(x(ιj)),
where f−1(y) = {x(1), . . . , x(d(f))} consists of d(f) points.
Since g ∈ Oac (A), there is |g(x)| ≤ C1(1 + ||x||
r) for x ∈ A with some
constants C1, r > 0 (cf. (∗) and [BDTW] Lemma 3.1). By assumption, Γf
has proper projection onto Ck and so by the Rudin-Sadullaev Theorem (see
[ L]),
Γf ⊂ {(x, y) ∈ C
m × Ck | ||x|| ≤ C2(1 + ||y||)
s}
3
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for some constants C2, s > 0. Therefore, for any x ∈ A, ||x|| ≤ C2(1 +
||f(x)||)s. We obtain thus
|g(x)| ≤ C1(1 + C
r
2(1 + ||f(x)||)
rs) ≤ C12max{1, C
r
2}(1 + ||f(x)||)
rs.
This means in particular that for any y not critical for f , and for all j,
|aj(y)| ≤ const.(1 + ||y||)
rsj,
since y = f(x(j)). By continuity this inequality can be extended to the
whole of Ck and so by Liouville’s Theorem aj ∈ C[y1, . . . , yk] for all j. 
Remark 2.2. In the proof above we may put r = B(g). On the other hand,
by [TW1], we can also take s = deg Γf − d(f) + 1. Therefore, we obtain
deg aj ≤ jB(g)(deg Γf − d(f) + 1).
The following Lemma of P loski is crucial when using the characteristic
polynomial:
Lemma 2.3 ([P1] lemma (2.1)). Let P (x, t) = td + a1(x)t
d−1 + . . .+ ad(x)
be a polynomial with aj ∈ C[x1, . . . , xk]. Then δ(P ) := max
d
j=1(deg aj/j) is
the minimal exponent q > 0 such that
{(x, t) ∈ Ck × C | P (x, t) = 0, |x| ≥ R} ⊂ {(x, t) ∈ Ck × C | |t| ≤ C|x|q}
for some R,C > 0.
We present a simple application of the characteristic polynomial in the
polynomial case. Let f : Cm → C be a polynomial of degree d and such that
the complex gradient (with respect to ∂/∂zj) ∇f : C
m → Cm is proper with
multiplicity µ (1). Let P (y, t) be the characteristic polynomial of f with
respect to ∇f . By Proposition 2.1 it is a polynomial P ∈ C[y1, . . . , ym, t] of
the form
P (y, t) =
∏
x∈∇f−1(y)
(t− f(x)) = tµ + a1(y)t
µ−1 + . . .+ aµ(y).
Let us write D = deg Γ∇f . Obviously, D ≥ µ.
Proposition 2.4. In the setting introduced above,
|f(x)|Θ ≤ const.||∇f(x)||, ||x|| ≫ 1
where
Θ =
1
d(D − µ+ 1)
∈
(
0,
1
d
]
.
Proof. This follows essentially from Lemma and Remark 2.2, but we may
also give a direct argument. Clearly, f(x) is a root of P (∇f(x), ·). There-
fore,
||f(x)|| ≤ 2
µ
max
j=1
|aj(∇f(x))|
1
j .
1Which is equivalent to saying that the fibres are finite and the sum of the local
multiplicities always gives µ.
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By Remark 2.2 we have
|aj(∇f(x))|
1
j ≤ const · ||∇f(x)||d(D−µ+1)
whence the result. 
3. Nullstellensa¨tze and degree of cycles of zeroes
We shall deal first with the 0-dimensional case, i.e. we assume that f =
(f1, . . . , fn) is a proper c-algebraic map on a set A ⊂ C
m of pure dimension
k > 0 (it follows that n ≥ k). We assume that f−1(0) 6= ∅. Then the
intersection of the graph Γf with C
m×{0}n is isolated but possibly improper
(2). We may compute the improper intersection indices
ia(f) := i(Γf · (C
m × {0}n); a), a ∈ f−1(0)
along [ATW] (see also [D3]).
The properness of f implies by the Chevalley-Remmert Theorem that
f(A) is algebraic. If it happens to be irreducible, then we can define the
generalized geometric degree d(f) to be the degree (sheet number) of the
branched covering (cf. [Ch]) f |A\f−1(Sngf(A)) over the connected manifold
Regf(A).
Example 3.1. It should be pointed out that although d(f) correpsonds to
the cardinality of the generic nonempty fibre of f , it may not be the greatest
cardinality of the fibre: if A denotes the graph of t 7→ (t2 − 1, t(t2 − 1)) in
C3 and f is the projection onto the last two coordinates, then d(f) = 1,
whereas #f−1(0) = 2.
For n = k, which means that the intersection is proper and f is surjective,
the numbers ia(f) coincide with the usual local geometric multiplicities
ma(f) (
3) and the Stoll formula yields d(f) =
∑
a∈f−1(0)ma(f). Thanks
to a Spodzieja-type reduction as in [Sp], we obtain the following general
c-algebraic counterpart of a result of E. Cygan [Cg]:
Theorem 3.2. In the setting introduced above, let g ∈ Oac (A) be such that
g−1(0) ⊃ f−1(0). Then, if f(A) is irreducible, there are n functions hj ∈
Oac (A) such that
gd(f) deg f(A) =
n∑
j=1
hjfj on the whole of A.
Moreover,
d(f) deg f(A) ≥
∑
a∈f−1(0)
ia(f)
2Recall that the intersection X ∩ Y of two pure-dimensional analytic sets X,Y in a
manifold M is called proper, if at any a ∈ X ∩ Y it has the minimal possible dimension
dimX + dimY − dimM .
3I.e. ma(f) = lim supv→f(a) #(U ∩f
−1(v)) where U is a neighbourhood of a such that
U ∩ f−1(f(a)) = {a} (the result is the same for all U small enough); see [Ch].
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and equality holds, provided k = n (in which case deg f(A) = 1).
In the proof we will need the following refinement of [D3] Theorem 2.3:
Proposition 3.3. Let A ⊂ Cm × D be a pure k-dimensional analytic set
with proper projection p|A where p : C
m ×D ∋ (x, y) 7→ y ∈ D and D ⊂ Cn
is a domain. Assume that X := p(A) is irreducible, 0 ∈ X and let µ denote
the multiplicity of the branched covering p|A\p−1(SngX) over the connected
manifold RegX. Then
µ · deg0X =
∑
a∈p−1(0)∩A
i(A ·Ker p; a),
where deg0X stands for the local degree (Lelong number) of X at the origin.
Remark 3.4. Asearlier we are dealing here with a possibly improper isolated
intersection A∩Ker p and we are using [ATW] to compute the intersection
multiplicities which we may denote as earlier ia(p|A) := i(A ·Ker p; a).
Proof of Proposition 3.3. We can find a neighbourhood U of 0 ∈ Cn and
pairwise disjoint neighbourhood V1, . . . , Vν (ν ≤ µ) of the points in the fibre
p−1(0) ∩ A such that U ∩ X =
⋃r
j=1Xj corresponds to the decomposition
of the germ (X, 0) into irreducible components and p−1(U) =
⋃ν
i=1 Vi ∩ A.
We regroup the sets
Wj :=
tj⋃
s=1
Vis ∩ A
according to their projection, i.e. to obtain Wj we take all the sets Vis ∩A,
s = 1, . . . , tj , for which p(Vi ∩ A) = Xj. We get as much sets Wj as there
are components Xj and p|Wj : Wj → Xj is proper and becomes a µ-sheeted
branched covering over RegXj.
Moreover, the points of p−1(0)∩A form groups {ai1, . . . , aitj } = p
−1(0)∩
Wj and we may compute the regular multiplicity (cf.[D3])
m˜ais (p|A) = lim sup
Regp(X)∋y→0
#p−1(y) ∩ A ∩ Vis = m˜ais (p|Wj),
provided Vis is small enough (which, of course, we may assume with no
harm forthe generality). Then, clearly, µ =
∑tj
s=1 m˜ais (p|A). Finally, by
[D3] Theorem 2.3,
m˜ais (p|Wj) · deg0Xj = ia(p|Wj)
and iais (p|Wj) = iais (p|A). Therefore,
ν∑
i=1
iai(p|A) =
r∑
j=1
tj∑
s=1
(
m˜ais (p|Wj) · deg0Xj
)
=
=
r∑
j=1
µ · deg0Xj = µ · deg0X
as required. 
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Proof of Theorem 3.2. First, let us deal with the proper intersection case,
i.e. let us assume that k = n. Let Pg be the characteristic polynomial of g
relative to f as in (#). From the definition we have clearly Pg(f(x), g(x)) =
0 for x ∈ A, which means
g(x)d(f) = −a1(f(x))g(x)
d(f)−1 + . . .− ad(f)(f(x)).
Now, for any j, aj ∈ C[y1, . . . , yk] and since g = 0 on f
−1(0), it follows from
the expression of aj (see the proof of Proposition 2.1) that aj(0) = 0 for
any j. Therefore aj(y) =
∑k
ι=1 aj,ι(y)yι with aj,ι ∈ C[y1, . . . , yk] and the
assertion follows.
Now, assume that k > n and write X := f(A). Then X is an irre-
ducible k-dimensional algebraic subset of Cn and for the generic epimor-
phism π : Cn → Ck we have d(π|X) = degX . Consider the proper c-
algebraic map f˜ := π ◦ f . From the first part of the proof we get
gd(f˜) =
k∑
j=1
hj f˜j,
but f˜j = (π◦f)j = (πj◦f) and πj(y) =
∑n
i=1 αjiyi which yields the assertion
sought after, provided we show d(f˜) = d(f) · degX . But for the generic
x ∈ Ck, the fibre π−1(x) lies entirely in RegA and does not meet the critical
set of the d(f)-sheeted branched covering f |A\f−1(SngX) over the connected
manifold RegX , whence it follows that d(f˜) = d(f) · degX .
To prove the second part of the assertion we may assume that the coor-
dinates in Cn are chosen so that π is the projection onto the first k of them.
Put T := Cm × {0}k and take the linear projection τ such that Ker τ = T .
Then, by the Stoll Formula
d(f˜) = d(τ |Γ
f˜
) =
∑
a∈T∩Γ
f˜
i(T · Γf˜ ; a)
where now the intersection multiplicites i(T · Γf˜ ; a) are computed along
Draper, as we are dealing with an isolated proper intersection. In particular
d(τ |Γ
f˜
) ≥
∑
b∈f−1(0) i(T · Γf˜ ; (b, 0)) where 0 ∈ C
k.
Observe that (idCm ×π)|Γf = Γf˜ and this is a one to one correspondence.
Put N := Cm×{0}k×Cn−k. It is classical in proper intersection theory that
i(Γf˜ · T ; (b, 0)) = m(b,0)(τ |Γf˜ ). Similarly, i(Γf ·N ; (b, 0)) = m(b,0)(p|Γf ) (here
0 ∈ Cn) for the linear projection p with Ker p = N . Now, if z ∈ Ck, then
the fibres τ−1(z)∩Γf˜ ∩ (U ×V ) and p
−1(z)∩Γf ∩ (U ×V ×W ) are bijective
by idCm×π, where b ∈ U ⊂ C
m, 0 ∈ V ⊂ Ck, 0 ∈ W ⊂ Cn−k are sufficiently
small neighbourhoods. This implies that m(b,0)(τ |Γ
f˜
) = m(b,0)(p|Γf ) and we
are done. 
Remark 3.5. Example 3.3 from [D2] shows that the coefficients hj may
well be strictly c-algebraic, i.e. having no holomorphic extension onto a
neighbourhood of A in Cm (even locally).
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Theorem 3.2 can be further generalized in two directions. The first one
is the c-algebraic counterpart of Lemma 1.1 from [PT] (compare also [D1]
for the c-holomorphic version which was much more straightforward) and
its important consequence.
Proposition 3.6. Let f = (f1, . . . , fk) ∈ O
a
c (A,C
k) be proper on the pure
k-dimensional set A ⊂ Cm, with geometric degree d(f). Fix ℓ ∈ {1, . . . , k}
and assume that g ∈ Oac (A) satisfies g
−1(0) ⊃
⋂ℓ
j=1 f
−1
j (0). Then we can
find ℓ functions hj ∈ O
a
c (A) for which
gd(f) =
ℓ∑
j=1
hjfj , on A.
Proof. By the Chevalley-Remmert Theorem, the set
X := {(f(x), g(x)) ∈ Ck × C | x ∈ A}
is algebraic as the proper (4) projection of the graph of (f, g) and it has pure
dimension k. It is obvious that the characteristic polynomial Pg (having the
form (#)) of g relative to f yields X = P−1g (0). Moreover,
X ∩ ({0}ℓ × Ck−ℓ × C) = {0}ℓ × Ck−ℓ × {0} ⇒ aj|{0}ℓ×Ck−ℓ ≡ 0,
for all indices j (which is easy to check starting from the last one, i.e.
ad). This allows us to write aj(w) = y1aj,1(w) + . . . + yℓaj,ℓ(w) where
w = (y, z) ∈ Cℓ × Ck−ℓ and aj,s are polynomials. Eventually, the identity
Pg(f(x), g(x)) ≡ 0 gives the result. 
We are able now to generalize this to the case of a set-theoretical complete
intersection for strictly regular sequences in connection with [FPT], [D2]
and [PT]. Suppose that f : A → Cn is c-algebraic, A has pure dimension
k > 0 and f−1(0) is pure (k − n)-dimensional. This means exactly that the
intersection Γf ∩ (C
m × {0}k) is proper (i.e. it is a set-theoretical complete
intersection). In such a case we may consider the algebraic effective cycle
of zeroes of f :
(⋆) Zf := Γf · (C
m × {0}n) =
r∑
j=1
i(Γf · (C
m × {0}n);Vj)Vj ,
where f−1(0) =
⋃r
j=1 Vj is the decomposition into irreducible components
and i(Γf ·(C
m×{0}n);Vj) is the intersection multiplicity along Vj computed
following Draper [Dr] (see also [Ch]).
Since all Vj are algebraic we may define the degree of the cycle Zf to be
the number
degZf =
r∑
j=1
i(Γf · (C
m × {0}n);Vj) · deg Vj .
4This is a simple topological fact: given three locally compact topological spaces
X,Y, Z and two continuous functions ϕ : X → Y and ψ : X → Z such that ψ is in
addition proper, the function (ϕ, ψ) : X → Y × Z is proper.
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Note that for k = n we clearly obtain degZf = d(f).
Following [FPT] we introduce the notion of a strictly regular sequence:
Definition 3.7. A map f ∈ Oac (A,C
n) where A ⊂ Cm has pure dimension
k > n, is called strictly regular, if there are k − n affine forms Lj : C
m → C
such that (f, L1|A, . . . , Lk−n|A) : A→ C
k is proper.
Remark 3.8. If f ∈ Oac (A,C
n) is strictly regular, then f−1(0) has pure
dimension k − n (cf. [D2]) and so Zf is well-defined.
Theorem 3.9. Assume f ∈ Oac (A,C
n) is strictly regular. Then for any
g ∈ Oac (A) such that g
−1(0) ⊃ f−1(0) there are n functions hj ∈ O
a
c (A)
yielding
gdegZf =
n∑
j=1
hjfj on the whole of A.
Proof. Let L = (L1, . . . , Lk−n) be the affine mapping from the definition
of strict regularity. Then ϕ := (f, L|A) ∈ O
a
c (A,C
k) is a proper mapping.
We may assume that coordinates in Cm are chosen in such a way that L is
linear. Observe that ϕ−1(u, v) = f−1(u) ∩ L−1(v), for (u, v) ∈ Cn × Ck−n.
Consider ψ(ζ, u) := (u, L(ζ)) ∈ Cn × Ck−n, for (ζ, u) ∈ Cm × Cn. It is easy
to see that ψ|Γf is proper: if K ⊂ C
k is a compat set, then ψ−1(K) ∩ Γf =
{(ζ, f(ζ)) | ζ ∈ ϕ−1(K)} is clearly compact.
Then d(ϕ) = d(ψ|Γf ), because (ψ|Γf )
−1(u, v) = {(ζ, f(ζ)) | ζ ∈ f−1(u) ∩
L−1(v)}. The intersection Γf ∩Kerψ is isolated and proper and, obviously,
d(ψ|Γf ) = deg(Γf · Kerψ). Since Kerψ ⊂ C
m × {0}n, we can apply [TW2]
Theorem 2.2:
Γf ·Cm+n Kerψ = (Γf ·Cm+n (C
m × {0}n)) ·Cm Kerψ =
= Zf ·KerL.
Therefore, in view of (⋆),
d(ϕ) = deg(Zf ·KerL) =
r∑
j=1
i(Γf · (C
m × {0}n);Vj) deg(Vj ·KerL),
where deg(Vj · KerL) =
∑
a∈Vj∩KerL
ma(π
L|Vj) with the local geometric
multiplicities ma(π
L|Vj) of the projection π
L along KerL. Note that we
have necessarily deg(Vj · KerL) ≤ deg Vj whence d(ϕ) ≤ degZf . Now,
Proposition 3.6 gives
gd(ϕ) =
n∑
j=1
gjfj, on A,
with some gj ∈ O
a
c (A). Multiplying both sides by g
degZf−d(ϕ) and putting
hj := g
degZf−d(ϕ) · gj we get the result sought for. 
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